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Abstract

The paper studies the impact of a broadly understood trend, which includes a change point
in mean and monotonic trends studied by Bhattacharya et al. (1983), on the asymptotic
behaviour of a class of tests designed to detect long memory in a stationary sequence. Our
results pertain to a family of tests which are similar to Lo’s (1991) modified R/S test. We
show that both long memory and nonstationarity (presence of trend or change points) can
lead to rejection of the null hypothesis of short memory, so that further testing is needed
to discriminate between long memory and some forms of nonstationarity. We provide
quantitative description of trends which do or do not fool the R/S-type long memory
tests. We show, in particular, that a shift in mean of a magnitude larger than N~1/2,
where N is the sample size, affects the asymptotic size of the tests, whereas smaller shifts
do not do so.
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1. Introduction

Starting with the seminal work of Hurst (1951), which was subsequently refined by Man-
delbrot and Wallis (1969), Mandelbrot (1972), (1975) and Mandelbrot and Taqqu (1979),
among others, a continued interest in the so-called Hurst effect lasts up to this day. Following
Mandelbrot and Tagqu (1979) and Bhattacharya et al. (1983), this effect can be defined by
means of the R/ statistic as follows. Let X1, ..., Xy be a sequence of random variables. The
R/S statistic Qy is defined as Ry /Sy, where Ry is the (adjusted) range,

k k
Ry = max Zl(x,- —XN) - i, 2}(}9 —Xn), 1.1
J= J=
and
1 & -
§2 = 5 D (X —Xn)? 1.2)
j=1
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1034 L. GIRAITIS ET AL.

is the sample variance. In (1.1) and (1.2), Xy is the sample mean N -1 Zf’ X ;. Then by the
Hurst effect we mean that for some H > 0.5, N~ Qx converges in distribution as N — oo
to a random variable which is possibly degenerate but almost surely not 0. As has been well
documented since the 1950s, for a large number of geophysical and hydrological records the
plots of log Oy against log N indicate that Qy is asymptotically proportional to N¥ with
H > 0.5. The same phenomenon has recently been observed in telecommunication and
computer networks, see e.g. Willinger et al. (1995) and references therein. It is also believed
to be present in some financial and economic series; see e.g. Section 2.6 of Campbell et al.
(1997).

One possible explanation for this effect is that the sample X, ..., X is a part realization
of a long-range dependent (or long memory) sequence, for example of a Gaussian stationary
sequence with nonsummable covariances. Although the stationarity of a sequence, i.e. the as-
sumption that the data possess constant mean, variance and shift-invariant covariance function,
may appear to be an over-idealization of real data, it often provides a reasonable and useful
approximation to a possibly nonstationary data generating model. An alternative explanation
of the Hurst effect is that the data have short memory but are perturbed by a slowly declining
deterministic trend or abrupt changes in parameters, like e.g. changes in mean. To the best of
our knowledge the first comprehensive mathematical study of the Hurst effect for short memory
models with trend was done by Bhattacharya et al. (1983) who assumed that the observations
X1, X», ... are of the form

Xi = fk) + Yy, (1.3)

where {Y}} is an ergodic sequence with summable covariances whose normalized partial sums
converge to a Brownian motion (see (2.4) below). The sequence { f (k)} is a deterministic trend.
Their main result states that the Hurst effect for the short memory models with trend occurs if
and only if

A(N)NCNH_I/Z, H>%,c>0,

where

x k
AN — N—I/z[ max, ;(f(j) — fn) — 1gll<ian ;(f(j) - fN)]

with fy = N~/ Zf/ f(j), and ~ indicates that the ratio of left- and right-hand sides tends to 1
as N — o0. In particular, Bhattacharya et al. (1983) considered a monotonic trend of the form
f(k) = ¢'(m + k)?, where m is an arbitrary nonnegative parameter and ¢’ # 0. In this case
the Hurst effect is present, unless 8 < —% or 8 = 0. In the most subtle case —% < B <0,we
obtain a model with trend decaying so slowly to zero that it can be confused with a long memory
model. Assuming Gaussianity, Kiinsch (1986) suggested a procedure to discriminate between
the monotonic trend model X; = f(k) + Yk, f(k) — O and long-range dependence. The
procedure is based on the periodogram which, as shown by Kiinsch (1986), behaves differently
for the model (1.3) and a stationary long-range dependent sequence. In a similar setting, Heyde
and Dai (1996) proposed a somewhat more informative smoothed periodogram approach and
argued that periodogram based procedures are less sensitive to departures from stationarity than
those based on R/S and its variants.

A situation where an observed series exhibits the Hurst effect, but where a possible explana-
tion for such a behaviour is believed to be different from long-range dependence, is often referred
to as ‘spurious’ long memory. For recent investigations of various aspects of the ‘spurious’ long
memory we refer the reader to Teverovsky and Tagqu (1997), Lobato and Savin (1998), Bos
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et al. (1999), Mikosch and Stéricd (1999), Granger and Hyung (1999) and Diebold and Inoue
(2001). As noted by Diebold and Inoue (2001), in certain circumstances some trends (e.g.
structural change) and long memory are ‘effectively different labels for the same phenomenon,
in which case attempts to label one as “true” and the other as “spurious” are of dubious value’.

A similar situation also arises in the unit roots tests where structural breaks can be detected
as a unit root and vice versa; see Perron (1990), Perron and Vogelsang (1992), Perron (1997)
and Baum et al. (1999).

This paper focuses on the impact of a broadly understood trend on a class of statistical
tests designed to verify the short memory null hypothesis against the long memory alternative.
We use here a ‘classical’ definition of long memory: roughly speaking a stochastic sequence
is said to have long memory if it is covariance stationary and the autocovariance function
is not absolutely summable. For interesting extensions of the concept of long memory we
refer the reader to Hall (1997) and Heyde and Yang (1997). By a short memory sequence
we mean a covariance stationary sequence with absolutely summable autocovariance function.
These rough definitions are made precise in the following sections. Unlike many earlier studies
which focused on simulational evidence, we provide rigorous mathematical formulations. Some
specific questions we seek to answer are: if the data come from a short memory model perturbed
by a trend, how ‘large’ must this trend be to lead to the detection of ‘spurious’ long memory?
What kind of trends may fool the long memory test? We provide a general answer in terms of
the L2 norm of the trend. Similarly, if there is a shift in the mean of a stationary short memory
sequence, what must the magnitude of that shift be to have an impact on the test. It will be
shown that a change of a constant magnitude which does not decrease with the sample size, will
be registered as long memory with probability approaching 1, as the sample size, N, tends to
infinity. We show that a change of the magnitude N ~!/2 is on the border line: smaller changes
do not (asymptotically) change the significance level. Our approach encompasses traditional
linear models as well as a family of ARCH models for which conditions for the applicability
of the R/S type tests are naturally satisfied.

Our results pertain to tests which are similar in spirit to Lo’s (1991) test based on the modified
R/ S statistic Q n(q) defined as

RN
OnNG@g) = —,
SN‘q
with Ry given in (1.1) and
qy+1 1 N N
Sa=@n+DT Y Py = n D X=X +2) 0 (1.4)
i j=1 j=1 j=1

with wj(gy) = 1 — j/(gy + 1) being the Bartlett weights and the y; being the sample
covariances, y; = N1 }:ﬁ___lj(X,- — XN)(Xi+j — Xn), 0 < j < N. Note that the classical
R/S statistic corresponds to g5, = 0. The second term in (1.4) was introduced by Lo (1991)
in order to take into account short range dependence. The classical R/S analysis focused on
estimating the Hurst coefficient as the limit of the ratio log Q  (0)/ log N, whereas Lo’s (1991)
test is concerned with a complex null hypothesis encompassing many forms of short memory
including ARMA and other mixing sequences with mixing coefficients which decay sufficiently
fast.

The present paper focuses mainly on the V/S statistic introduced by Giraitis ez al. (2000a)
which has more desirable asymptotic and finite-sample properties than the modified R/S
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statistic. Our results can, however, be easily formulated in terms of the modified R/S statistic
and other related statistics, like the KPSS statistic of Kwiatkowski ez al. (1992). The general
conclusions are the same for all statistics in this class. The V /S statistic we analyse is defined
as VN/fzzv,q’ where

N N

K 2 k 2
1 — 1 v
Vy = W[Z :( (Xj = XN)) - ﬁ(z > (X, —XN)> ] (1.5)

k=1 N j=1 k=1 j=1

Compared with the R/ statistic, the numerator (1.5) of the V /S statistic is based on the sample
variance of the sums S}, = Z’f(X j— X ), rather than their range (1.1).

In Section 2, we study the effect of a trend on the size of the tests. Section 3 focuses on
the power of the tests. Important special cases of a trend and a change in mean are analysed in
detail in Section 4. Proofs are collected in Appendix A.

2. Short memory and trend

In this section we consider the following model
Xe = N + 14, k=1,2,..., .1

where {Y;} is a short memory process and {f¥)(k)} is a deterministic trend. We now state
the precise conditions we impose on the process {Y;} (Assumption 2.1) and on the sequence
{f™(k)} (Assumptions 2.2 and 2.3) together with several examples.

Recall that the fourth-order cumulant of the random variables &, &;, &3, &4 is defined by

4
[16 - Es,-)] — cov(1, &) cov(€s, £s)
j=1

—cov(&1, &3) cov(£z, &4) — cov(&, &4) cov(éa, £3). (2.2)

Cum(é, &, 83,84) = E[

Throughout the paper, for t € [0, 1], W(z) stands for the standard Brownian motion and
WO(r) = W(t) — tW(1) for the Brownian bridge. By > we denote the weak convergence
of random variables, by 2 the weak convergence of finite dimensional distributions and by

b1y the weak convergence in the Skorokhod space D[0, 1].

Assumption 2.1. (Short memory.) The process {Yy} is a fourth-order stationary zero mean
sequence satisfying conditions (i)—(iii) below:

(1) the covariance function is absolutely summable:

o
Y lcov(¥s, Yo)| < oo: 2.3)
k=—o00
(ii) the functional CLT holds, i.e.
& b >
N2y P ewa), ot = Y cov Yoy <cor (24)

Jj=1 k=—oc
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(iii) the fourth-order cumulants satisfy the condition:

[e o]
sup Y [Cum(Yo, Yi, ¥, ¥o)| < 0. @.5)

r,s=—0o0

Remark 2.1. Condition (iii) of Assumption 2.1 is required, in particular, for the consistency
of the variance estimator (1.4). In fact, it is weaker than the usual condition in which sup,, is
replaced by 3, ; cf. Chapter 9 of Anderson (1971).

We now present two examples of processes satisfying Assumption 2.1.

Example 2.1. Linear processes Y, = Z?":_oo ajek—j, where the aj are real weights,z jlajl
< 00, and the ¢; are i.i.d. random variables with zero mean, unit variance and finite fourth

moment E 88 < oo are well-known to satisfy Assumption 2.1. The convergence of the finite

dimensional distributions of N~1/2 Sing=N =172 Z[j=',] Y; can be shown, for example, as in
Ibragimov and Linnik (1971) (see also Giraitis and Surgailis (1986)), the tightness follows from

the inequality E Sf,; < C[N1]%, and condition (iii) from the formula

o0
Cum(Yo, Yn, Yr, ¥s) = (Beg —3) D @k@iihGiirarys.

=—00

Example 2.2. Processes {ny, k € Z} satisfying the equations

[e.°]
mo=pk,  pk=a+ Y bim—j, (26)
j=1

where the & are i.i.d. nonnegative random variables with finite fourth moment EE(‘} < o0 and
a>0,b; >0,j=1,2,...,arise in the study of the volatility of returns on speculative assets.
For example, if b = O for j > p and & = 8,%, gx ~ N(0, 1), then the n; are the squares
of random variables which follow the ARCH(p) model. The infinite sum in (2.6) allows us
to interpret the 7; as the squares, or any positive powers for that matter, of the more general
GARCH(p, gq) sequences; see Giraitis et al. (2000b) for more details and relevant references.
Giraitis et al. (2000b) showed that if

EEN*Y b <1, Q.7

j=1

then the Yy = mx — E ny satisfy conditions (i), and validity of (iii) of Assumption 2.1 was
established in Giraitis and Robinson (2001). Condition (ii) follows from Theorem 2.1 which
we state here and whose proof is given in Appendix A.

Theorem 2.1. Suppose the ny satisfy (2.6), Esg < 00 and (2.7) holds. Thenas N — oo

[N1]
- DI0,1]
N2 " —Enj) —> oW (),
j=1

2 00
where 0 = j=—~00 COV(7, No).
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We now state the two assumptions that we impose on the trend { f V) (k)} of the nonstationary
series (2.1).

Assumption 2.2. The trend {f ™) (k)}k=1...n, N > 1, is an array of real numbers for which
there exists a positive sequence py and a function h on [0, 1], which is not identically zero,

such that
[Nt]

Py Y Mk > h(t) (N - o0) 2.8)
k:]
and P
-IV_% — a* €0, o0].
The mode of convergence in (2.8) depends on the specific statistic. For the V/S (and KPSS)
statistic, (2.8) has to hold in L*[0, 1]. For the R/S statistic, h is in D[0, 1] and (2.8) has to

hold in the sup norm.

Assumption 2.3. Assumption 2.2 is satisfied and there exists a positive sequence ry —> 00
and a number O < a < oo, such thatas N — 00

N
' Y (MK > a, 2.9)

k=1

N-1
Z If(N)(k) _ f(N)(k + 1)|k1/2 - O(rllv/z), (2.10)
k=1

UN

DI N ®P =o(ry) forany vy =o(N)
k=1 (2.11)

MW = O¢ry/N) fork~N

and
2

— 5 b* < 00. 2.12)
Nry

Note that from (2.8) and (2.9) it follows by the Cauchy inequality that lim supy p,zV /Nry
< 00.
Remark 2.2. Assumption 2.2 implies that

[N1)
Py D (M) = FM) > h(t) = th(1) =: k%) in L2[0, 1]
k=1
and Assumption 2.3 implies that

N
' Y M) - FN? 5 a—b*h(1) = a, (2.13)
k=1

where fV) = N=1 YW | f™ (k). Assumptions of this type with p,, = ry, = N were used
in Bhattacharya er al. (1983). Our assumptions looks somewhat more involved because we
allow greater generality of nonstationarity/trend (for example, in the context considered by
Bhattacharya et al. (1983), (2.12) holds trivially with b* = 1).
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We consider now some examples of trends.

Example 2.3. (Change point.) Suppose that

FM gy = M ff1_<_k_<_k*,
uwy ifk* <k <N,

where k* denotes a change point. We also assume that there is a 0 < t* < 1 such that
k* = [t*N], and that A := u1 — u2 # 0. Then Assumption 2.2 holds with p,, = N,a* = 00
and

h) =1t AT +ua(t —t ATY); RO(r) = At AT — tT%).

Assumption 2.3 is satisfied withry, = N,b* =1anda = p,%r* + p,%(l — 1*). Hence
a=a—h*(1) = A%t*(1 - 1%).
Example 2.4. (Hyperbolic trend.) Let
fMW® =cilk+ el (2.14)

where 8 > —1/2; ¢; € R\ {0}, c2 € R. This is the example considered by Bhattacharya et al.
(1983). Assumption 2.2 is satisfied with p,, = N1*#, a* = 0o and

c tftl 0 t@f -1
h(t) = ; @) =h@®) —th(l) = ¢y ————
=27 () = h(t) — th(1) = | 51
Assumption 2.3 is satisfied with ry, = N!+2 p* = 1 and
C1 c% c%

“Trrp “Tix U+pr
Example 2.5. (Hyperbolic trend depending on N.) Suppose that
FM &) = cilk + NP, (2.15)

where 8 > —%; c1 € R\ {0}, c2 € R. Then Assumption 2.2 is satisfied with p,, = N 148,
a* = 00, and

t t 1
h(t)=c‘1/ |x+czlﬂdx; ho(t)=cl(f |x +cz|ﬂdx—tf |x+czlﬂdx>.
0 0 0

Assumption 2.3 is satisfied with ry, = N'+28, p* = 1 and

1 1 2
a=c%(/ |x+c2|2ﬂdx—(f |x+czlﬂdx) )
0 0

We now state the first main result of this section which allows us to analyse the impact of
the nonstationarity (trend) in the model Xy = f) (k) + Y} with stationary short memory term
{Y} on R/S-type tests of long memory. We state it for the V /S and the modified R/ statistics
\%N, /512,,’ and Ry /Sy,q which are used in the long memory test below. The statements for
other related statistics, like the KPSS statistic, are similar and can be readily obtained using
Lemmas A.2 and A.3.
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Theorem 2.2. Suppose the Xy are given by (2.1) where the Y satisfy Assumption 2.1 and the
FM (k) satisfy Assumption 2.3. Consider the quantities

Zoot) = aWOo(t) + a*h’(r) ifa* < oo,
R V0 ifa* = oo;
Vi) = ac* + a2 t"fc* < 00,
if c* = o0;
1 ifa* < oo ~ ! ifc* < oo,
Iy = 2 =1 ek ’ Ty = N if oF
pyN~ ifa* = o0; ifc* =00

Suppose ry, — 00, gy — 00, gy /N — 0 and the limit quNN‘l — ¢* € [0, oo] exists.
Then

! 2 1 2
T v, D Zgx dr — Z,+(t)d
(TNTN)-I §2N fo (Zax(1)) V(Cf)fo (r)dr)
N,g

and

1/2R_N o SUPg<;<1 Za* () — info<r<1 Zg* (1)
SN.g NALGD) '
The proof of Theorem 2.2 is given in Appendix A.

Focusing on the V /S statistic, we now discuss the asymptotic behaviour of the test described
in Definition 2.1 below in light of Theorem 2.2.

N'2(TyTw)~

Definition 2.1. (LM test.) The null hypothesis of short memory is rejected in favour of a long
memory alternative if Vy /5%,, g > K, where K > 0 is a critical value.

Suppose first that there is no nonstationarity/trend ( fk(N) = 0). Giraitis et al. (2000a) showed
that under the null hypothesis, more precisely for a short memory process {Y;]} satisfying
Assumption 2.1,

VN
§2

1 1 2
S / (WO(t))*dr — (f wo() dt) , asqy — 00, gy/N — 0, (2.16)
N.g 0 0

where the limit distribution is parameter-free. In addition, under a long memory alternative
which is precisely defined by Assumption 3.1, the test rejects the null hypothesis with power
approaching 1.

Suppose now that the data contain a nonzero trend fV) (k). Theorem 2.2 above shows that
the presence of the trend in short memory data leads to the rejection of the short memory null
hypothesis with power tending to 1 if

TNfN —> OQ. (2-17)
For instance, (2.17) holds if Ty = p%/N, Ty = N/qyry and
2

TvTy = 2N 5 . (2.18)
INdN
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In particular, (2.18) holds true in Examples 2.3-2.5 (with 8 > 0), where Ty Tv=N /gy = oo.
Hence, V/S and other R/S-type tests are sensitive both to the presence of long memory and
a trend, in other words, they are prone to detect ‘spurious’ long memory Note that the trend
in Theorem 2.2 is rather significant in the sense that || f™ |, = (LN, (f M *))?)/? - oo
as N — oo (see (2.9)). It is interesting to find out how small a trend must be to be no longer
asymptotically detectable. With this question in mind, we shall now focus on small trends
characterized roughly by the requirement that

limsup || fM |, < € < . (2.19)
N

Condition (2.19) implies that Assumption 2.2 holds with p,, = O(N'/2), and that (2.9) holds
with ry, = O(1) so that Assumption 2.3 cannot be satisfied with ry, — oc. Thus, the trends
satisfying (2.19) fall outside the framework established in the lemma of p. 653 of Bhattacharya
et al. (1983). The following proposition shows that such smalil trends cannot, as a rule, be
detected by the V /S test.

Proposition 2.1. Suppose that the Xy are given by (2.1) where the Yy satisfy Assumption 2.1
and the f™) (k) satisfy Assumption 2.2 with p,, = o(N/2), (2.19) holds and, in addition,

Z FM k) — F MK+ D2 = 0(1), (2.20)
k=1

FM&) = ON"?) fork~N. (2.21)
Then (2.16) holds.

Proof. The proof of Lemma A.3 below shows that, under the assumptions of Proposition 2.1,
3%, = o2+ 0p (g/N), which combined with Lemma A.2 below implies (2.16).

Example 2.6. Small trends gwen by (2.14), fM (k) = ¢k 4 ¢2|#, and by (2.15), fM (k) =
cilk + coN|2, but with 8 < —— , have the property that lim sup IIf(N) 2 < oo and satisfy
the other assumptions of Proposmon 2.1, so they cannot be detected by the LM test given in
Definition 2.1 with power tending to 1.

3. Long memory and trend

To get a more complete picture, we look in this section at the asymptotic behaviour of the
test statistics in snuatlons when the long memory alternative is perturbed by a trend. We show
that in this case Vy /5% N > 00 no matter whether the trend is present or not, so that the short
memory hypothesis is rejected with power tending to 1.

Denote by Wy (¢) a fractional Brownian motion with parameter H, i.e. a Gaussian process
with mean zero and covariances E[Wy (t;) Wy ()] = %(tlz” + t%" — |1 — n)*H). Set also
W?/z +a®) = Wiy244@t) — tWy 244(1). Giraitis et al. (2000a) showed that if there is no trend
and the X = Y} satisfy Assumption 3.1 below, then

24y,
(3\1},) = / (Wiy4a(0)* dt — ( f W1/2+d(t)dt) 3.1)

Hence under the alternative of long memory Vy / 512\/ q 5 o0 at the rate (N/q N)Zd, and so the
short memory hypothesis will be rejected with power tending to 1.
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In this section, we investigate how this rate and the asymptotic distribution are affected by
the presence of a trend. We state the results only for the V/S statistic, as the conclusions for
the R/S and KPSS statistics are the same and the corresponding formulas are easy to derive.

Assumption 3.1. (Long memory.) The process {Yi} is a fourth-order stationary sequence
satisfving the following conditions:

(1) forc > 0and0 <d < %

cov(Yy. Yo) ~ ck?d=1. (3.2)
(ii) for a positive number cg,
| ] DI0.1]
WH_dZ(YJ—EYj) — caWija4a(t): (3.3)
j=I
(iii)
N
sup Y |ICum(Yy. ¥y Yo, Yo) = O(N*). (3.4)
h rs=—N

Obviously, under Assumption 3.1, Z/?io [cov(Yy, Yo)| = o0
Before stating the results, we present two examples.

Example 3.1. A standard class of processes satisfying Assumption 3.1 consists of linear se-
quences Yy = Z i—0aj&k—j, where the ¢ are i.i.d. random variables w1th zero mean, unit
variance and ﬁmte fourth moment and the coefficients a; satisfy a; ~ cjd=', j — oo, for
some ¢ > 0 and 0 <d < 5. Itis easy to see that (3.2) holds. Convergence in (3.3) is well
known, see, e.g., Davydov ( 1970) Relation (3.4) is not difficult to verify, see Giraitis et al.
(2000a).

Example 3.2. A second important class of long memory processes satisfying (3.2) and (3.3)
consists of the long memory LARCH(o0) processes introduced by Robinson (1991) and inves-
tigated by Giraitis et al. (2000):

o0
rk = Ok&k, 0k=d+2ﬂjrk—j,
j=1

where {€x, k € Z} is a zero mean finite varlancel 1 d. sequence, and r, B (with 3% =1 ,82 < 00)
are real coefficients. Assuming that E sk =1, ak is seen to be the condltlonal vanance of ry.

Then if the B; satisfy f; ~ cj49 1,0 <d < 7, the process Yy = rk has long memory. In
contrast to Example 2.2, neither « nor the f; are assumed positive and oy, not its square, is a
linear combination of the past ry, rather than their squares. The ry can be viewed as returns on
a speculative asset which has ‘long memory in volatility’. If Z?":, ,812. < ¢ for an appropriate
constant ¢ which depends on the fourth moment of the &, then the Yy = r,f centred at the
expectation satisfy conditions (i) and (ii) of Assumption 3.1, see Giraitis et al. (2000). We
conjecture that condition (iii) also holds, but this remains an open problem.

In the following theorem we consider the limiting distribution of the statistics V / 3%, 4 under
trend and long memory.
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Theorem 3.1. Suppose the X, are given by (2.1) where the Yy satisfy Assumption 3.1 and the
FM (k) satisfy Assumption 2.3. Let ry = 00, gy —> 00, q5/N — 0 and suppose that the

limit q,lv"z‘irNN" — c* € [0, 0o] exists. Then

1VN o) Jo (Zar @)2dt = (fy Zar (1) AP

Tn )™ ’
i) N q V(c*)
where
Zg(t) = CdW?/2+d(’) +a*h%(t) ifa* < oo,
) ho(t) ifa* = oo;

ac* +c2 ifc* < oo,
v<c*)=[ ‘ ;C* o

—2d . ox

ifc* < oo,
{NM ifa* < oo, v f
Ty =

p,z\,N‘1 ifa* = oo;

if c* = o0.
aNTN

Note that the quantities Ty, TN, Z,+ and V(c*) depend on d and are different from the
corresponding quantities in Theorem 2.2.

Theorem 3.1 shows that the short memory hypothesis for the model X; = f™ (k) + ¥,
with a large trend { f V) (k)} and long memory process {Y}} will be rejected with power tending
to 1if Ty Ty — oo.

In the case of Examples 2.4 and 2.5 (with 8 > 0), we have Ty v = N /qN, so that by
Theorem 3.1 the statistic Vy /52 N, diverges to infinity at the rate N /q,. This rate is the same
as in Theorem 2.2 when {Y;} has short memory and it is faster than the rate (N /g N)Zd in (3.1)
where {Y;} has long memory and the trend is not present.

Theorem 3.1 follows from the following lemma whose proof is given in the appendix.

Lemma 3.1. Under the assumptions of Theorem 3.1,

1 1 2
Ty 'V > f (Zar (1)) dt — ( f Za*(t)dt) (3.5)
0 0
and g anr
§12Vq AI,VN a+q,2vdc§+0p( AI,VN +q,2\,d). (3.6)

The following proposition shows that small trends, such that lim supy || f M, < o0, do
not affect the limiting distribution of the V//§ statistic (3.1). In this case the short memory
hypothesis will be rejected and the rate of divergence of the statistics Vy /52 N.g® (N/q N)Zd, will
be slower than N /g, which occurs in the case of large trends and long memory.

Proposition 3.1. Suppose the X are given by (2.1) where the Y, satisfy Assumption 3.1 and the
F® (k) satisfy Assumption 2.2 with p, = o(N'/?) and (2.19), (2.20) and (2.21). If g, — o0,
qn/N — 0, then (3.1) holds.

Proof. Use the same argument as in the proof of Proposition 2.1 and Theorem 3.1.
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4. The change-point model

In this section we study in greater detail Example 2.3. Our goal is to determine the order
of the smallest break (jump) in the mean which can be registered by the test as a presence of
long memory. We also discuss the possibility of developing a test procedure which, in case of
a rejection of the null hypothesis of short memory, would allow us to distinguish between the
long memory and change point alternatives. Again, we focus only on the V /S statistic.

Consider the general case where the magnitude of the jump depends on N:

N) . *
uy ifl <k <k
fMo=1" @1
72 ifk* <k <N,

where k* = [t*N]and 0 < t* < 1. Set A, == ™ — u$V) %0, h0(1) := t* A1 — 7*1.

Proposition 4.1, whose proof is given in the appendix, shows that the break in the mean of
order Ay such that Ay/N~'/2 — oo leads to the rejection of the short memory hypothesis
(parts (i) and (iii)). On the other hand, a small break Ay = o(N~'/2) does not effect the
limiting behaviour of the test (part (ii)).

Proposition 4.1. Suppose the X; and fN) (k) are given by (2.1) and (4.1), respectively, the
Yi satisfy Assumption 3.1 and Ay N'/? — a* € [—00, 00].

() If|1ANIgy '/ — oo, then

a9y VN b H* (1 —1%)
—_ - = .
N §,2,,q *(1 — %) 12

where

1 1 2 (1 _ %))\2
H* = f (hg(t))zdt—-( / h‘j(;)d:) NG Gl a0
0 0 12

(i) If AN = O(N~V2) (Ja*| < o0), then

1 1 2
-‘21”— > 0—2[ [ (WO(t) + a*hQ(r) dt — ( / W) +a*h2(:))dz) ]
0 0

g
(iii) If|ANINY? — oo (la*| = 00) and A%qy — c* (0 < c¢* < 00), then

aN VN D c*H*
= S
N 512\,’(] c*t*(1 — t*) + 02

if0 < c* < o0,

or
1 N

—_— — ifc*=0.
2)2 32 2
@ANNTRRZ T g
We now describe the asymptotic behaviour of the test for the observations X; = f™) (k)+Y
with the change point trend (4.1) and a long memory sequence {Yx}. Similar arguments as in
the proof of Lemma 3.1 and Proposition 4.1 yield the next result.
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TABLE 1: The limit behaviour of the V/S statistics.

Limit under assumption

Statistic Short memory Long memory Change point

-52—— Uyss 00 0o
Ng
N VN 0 0 (1 —-1t%)
N 52 12
N.gq
2d Y,
S
SN.q

Proposition 4.2. Suppose thatthe fN) (k) are given by (4.1) and the Y} satisfy Assumption 3.1.
1/2—d

O Iflaylay — 00, then
ay VN o H* ™1 -1
e\l — = .
N &, T0a-19 12

(i) ff AyN'2?  a* € (—00, 00), then
2d vy, o _ 1 1 2
(%N) o> cdz[f (Za(8))2 dt — (f Za‘(t)dt) ]
sN,q 0 0

where Z» () = caWy) 4 () + a*hQ(@).

(i) IfIANINY24 - 00, A2 qh 2 — ¢* € [0, 00), then

* *
ZIY_..__AVN L cH 5 0 <c* <oo,
N Slzv,q (1 - 1)+ ¢y

or
1 2V H*
L (@) T B e,
Cd

In the usual case when the magnitude of the jump A, = A # 0 in (4.1) does not depend
on N, Propositions 4.1 and 4.2 yield that

ay Vn o ™1 -1
N §2 22

so the short memory hypotheses will be rejected with the same rate N /g, if the Y} satisfy either
the short memory Assumption 2.1 or the long memory Assumption 3.1.

We conclude this section by summarizing in Table 1 the asymptotic behaviour of the statistic
VN /512,,, 7 under various normalizations. Recall that in the case where the X; = Y are short-
range dependent random variables satisfying Assumption 2.1

1 1 2
VN /3%, = Uyys = /0 WOor)2dr — ( /0 wo(r) dt) )
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If Fy/s is the distribution of Uy,s and F is the asymptotic distribution of the Kolmogorov
statistic, then Fy,;s(x) = Fg (7 +/x). Recall that the uniform distance between the empir-
ical and theoretical distribution functions is determined by the Kolmogorov statistic VN x
SUP_ oo <r <o0 | FN () — F(t)|. More details are presented in our paper Giraitis ef al. (2000a). In
the case where the X; = ¥ satisfy Assumption 3.1, Theorem 3.1 implies that

q 2d VN o ! ! 2
(_N) -2 Zyss :=/ (WP ya()?de — (/ Wppa(dr) .
N SN.q 0 0

As was shown, the statistic Vy /§%l, q tends to infinity under both long memory (LM) and
change point (CP) alternatives, which means that both these models can explain the rejection
of the null hypothesis of short memory. However, the statistic (g, /N)Vn/ 5%, q exhibits a
different behaviour under assumptions LM and CP. Since under assumption CP it converges to
a positive constant 7*(1 — t*)/12, this fact may allow (after construction of the corresponding
second-order asymptotics) for large enough N to discriminate between a long memory process
and a short memory process having a shift in mean (see the comment of Peter M. Robinson in
Lobato and Savin (1998)). Obviously, to make the statistical difference between t*(1 — t*)/12
and 0, the corresponding second-order asymptotics need to be established. The practical recipes
and simulation study are under development.

5. Conclusions

It has been realized for some time that tests for long memory are sensitive to the presence of
nonstationarity (trend and change point) in short memory data and as a rule ‘large’ trends will
be registered as long memory. Following the footsteps of Bhattacharya ez al. (1983), Kiinsch
(1986) and Heyde and Dai (1996), among others, in this explanatory paper we developed a
quantitative analysis of these phenomena in a broad setting which encompasses various types
of trends and dependence structures.

The results of the present paper show that the rates of divergence to infinity of the test
statistics (and the limits of the renormalized statistics) are different under short memory plus
trend model and under the long memory, as well as under long memory plus trend and ‘pure’
(no trend) long memory. The paper clarifies the difficulties of discriminating between long
memory and several forms of nonstationarity, and it is hoped that a better understanding of the
possible scenarios might aid the development of procedures aimed at discriminating between
them. These procedures are likely to involve data driven algorithms for selecting g,,. A good
starting point might be the algorithm of Biihlmann (1996) intended to find the optimal bandwidth
for the estimation of the spectral density at zero. This corresponds exactly to our setting, but
the assumptions imposed by Biihlmann (1996) may not be satisfied, so further investigation is
necessary. Subsampling techniques might also be relevant because we established the existence
of limiting distributions and rates of convergence, see Sections 3.5, 4.5 and 10.5.5 of Politis
et al. (1999). Research of this type, which would require extensive numerical experiments, is
however beyond the intended scope of the present paper.

Appendix A.

A.1. Proof of Theorem 2.1

As mentioned in Example 2.2, the Y; = n; — E; satisfy conditions (2.3) and (2.5), see,
respectively, Proposition 3.1 in Giraitis et al. (2000b) and Corollary 3.1 in Giraitis and Robinson
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(2001). These results combined with the convergence of the finite dimensional distributions
allow us to use Lemma A.1 below to provide a succinct proof of Theorem 2.1. We do not
verify the convergence of the finite dimensional distributions here, as it can be established
in a completely analogous way to the convergence of the one-dimensional distributions in
Theorem 5.1 of Giraitis et al. (2000b). Lemma A.1 may also be of independent interest.

Lemma A.1. Suppose that a fourth-order stationary zero mean sequence {Y}} satisfies assump-

tions (2.3), (2.5) and
[N1]

NTV23"¥; 2B oW (). (A.1)
j=1
Then the weak convergence result (2.4) holds.

Proof. Set
n
Spi=) Wi, nxl
k=1

Since, by (A.1), N =1/ 2S[N,] = o W(t), it remains to check the tightness. For the proof of
tightness it is sufficient to show that

ES; <Cm? (A2)

uniformly overm = 0, ..., N. Relation (A.2) implies that a tightness criterion for N ~1/2 NI
is satisfied (use a straightforward modification of Theorem 15.6 in Billingsley (1968)). Indeed,
forany ) <t < 1,

N72E((Sve) — Sivn)*(Sivey — Sive?) < N72(E(Spvny — Spvn)* E(Sivi — Sivep®)!?
< CN"%([Nt] - [Ny ])(IN©;] — [Nt))
< CN73([Nn] - [Ny])%.
It remains to prove (A.2). We have that

m
Ean = Z E(Yj,---Yj)
Jtyees ja=1

m m
=3 Y EBWYR)EWpYi)+ Y Cum(¥j, Y, Y, Yj)
Jlsenja=1 Jtyeja=1
using the relation
E(Y), ---Yj,) = E(Y;, Y;,) E(Y;,Y;,) + E(Y}, Yj3) E(Y, Y,)
+E(Y;, Yj)) E(Yp,Yjp) + Cum(Yy, Yy, Yjs, Yj)
which holds when E Y; = 0. Since
Cum(Y},, Y, Yjs, Yjy) = Com(Yjy—jy, Yo jar Yjs— ju» Y0),
we get, using (2.3) and (2.5), that

m 2 o0
ES} < 3( > E(Yij)) +misup Y (Cum(Y}, Yi, Yn, Yo)| < Cm?.

Jok=1 Jjk=—00
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A.2. Proof of Theorem 2.2 and Lemma 3.1
Theorem 2.2 follows immediately from Lemmas A.2 and A.3 below.

Lemma A.2. Suppose that the Xy are given by (2.1) where the Y satisfy Assumption 2.1 and
the f™) (k) satisfy Assumption 2.2. Then,

1 1 2
Ty > / (Zar ()2 dt — ( f Zae(0) dt) (A3)
0 0
and
N'2T7'2Ry 5 sup Zau(t) — inf Zau(t). (A4)
0<t<l1 0=t<lI
Proof. We focus only on the verification of (A.3), for (A.4) an analogous argument is used.
Observe that
N N 2
V=) 8%, - N"(st_k) ,
k=1 k=1
where

k k k
Sxa=N""Y X=X =N"Y =P+ NI FVG) - fw)
j=1

=: Svk + Stk

with Xy = N~1 Y%, X;. Thus

N 1/2nr —1 2
Vy = fl/N (N Sy + (o N~ D (py N)Sf'lel) d

1+1/N ) 5
— (‘/I‘/N (Nl/ SY,[NI] + (pNN—l/z)(p;]lN)Sf,[Nt]) dt) ) AS)

By Assumption 2.1,as N — 00

NI/ZSy_[N,] lz[_(),_)l] o Wo(t)
and, by Assumption 2.2,
p;,lNSf‘[Nt] - ho(t)
in L2[0, 1], which together with (A.5) implies the statement of lemma.

Lemma A.3. Suppose the Xy are given by (2.1) where the Yy satisfy Assumption 2.1 and the
FM (k) satisfy Assumption 2.3. Let ry —> 00, gy —> 00, gy /N — 0. Then

« /N qnT’
s%,‘q= "IlvNa+02+0p( ,jVN)+OP(1)'

Proof. To estimate
N

S =P0+2) wjlgn)?
q
j=1
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write
N—j

P = NN (X = X Kiej — ) =9 + 7P + 99,

i=1
where

N-j
A(l 1
) =N~ Z ViVitjs

i=1

PP =N Z(Y, — YN (Xigj — Tn);
i=1

PP =N Z[v.(m, — ¥n) + (¥ = Pn)vies]

i=1
and vj := fM(j) — fF™. Thus

a2

qu—qul+qu2+qu3’ (A.6)
where
aN
R =0 +2Y wjqur, =123 A7)
Jj=l1
We show that, as N — oo,
N(rygy)™'8% 0 = @, (A8)
312V,q:2 > o? A9)
and
-1 A P
NoNaw)™'$% 43 = 0, (A.10)

which implies the statement of the lemma.

We prove first (A.8). Choose K > 0 large. Since, for j in (A.7), Kj < Kqy = o(N),
by (2.11),

iK
ry' Y v =o(1). (A.11)
Write
N-j jiK-1 N—j
PN = ";1 Z vi(Vigyj —v)| < rﬁl Z vi(Vitj — Vi) +r,§1 Z vi(Vitrj — Vi)
i=1 i=1 i=jK
=:pn,1t+ PN
By (A.11),

pn,1 =0(1). (A.12)
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Consider the term p,, ,. Using summation by parts we get

N-j-1 i N-j
PNz STy Z (Vi = vig1) Z (Vksj — V| + 7y Tow -l Z (Vk+j — Vi)|-
i=jK k=jK k=K
We have that )
l
. 2
3 g — )| < G2 (A.13)
k=jK
Indeed, by (2.13),
i+j N 1/2 .
= w)| < Zlvk|+ > |vk|<21‘/2(2v,%) < Cj'r\?,
k=1

k=i+1
which implies (A.13). By (2.11),

lvw—jl < Clry/N)'7?
and therefore

i
—-1/2 1/2 172
pna SCrg N i =il 4 Cry Plon_jlay

i=jK
N—j—
Cry' 2K ST = vl + Clgy /N)'
i=jK
< CK™'2 4 C(gy/N)'2. (A.14)
The last inequality in (A.14) was obtained using (2.10). Since gy = o(N), Py, Can be made

arbitrarily small choosing K > 0 large enough. This and (A.12) yield that p, = o(1).
Using (2.13), we obtain

Nr,;‘yj(” ‘Zv +0(1)—rNIZv2+o(1)_a+o(1)
i=1

uniformly in j =1, ..., g, because, by (2.11),

N
ry' Y vE<ry'Clry/N)j < Clgy/N) — 0.
i=N—j
Hence
N
N(ryay)™' qu 1 =4y (1 +2ij(‘IN))(O! +o(l) =«
j=1
because

N
1+2) wigy) =1+4qy
j=1

and q;,' — 0. This proves (A.8).
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It was shown in Theorem 4.5 of Giraitis et al. (2000a) that, assuming (2.3) and (2.5), we
have
§%\,‘ 02 5 o2,
Therefore (A.9) holds.
We prove now (A.10). Using summation by parts it follows that

N—j
Y ilYigj = Ya) 4+ vigj(Yi = Y]
N—-j-1
< Z [vi = vig1]
i=l
N—j—1
+ Z Vit = Vitj+il
i=l

~(3
NIp; =

N—j _
Z(Ym - ¥n)

Z(YA Yn)|.

+ lvv—jl

Z(Yk+j - ¥N)

Z(YA Yn)

+ |vw]

Under Assumption 2.1(i),

Yn) Yn)

20172
) < Ci'’%

(e

< cil/?

E Z(YlH-j - Yy

k=1
uniformly ini =1,...,N —jand j =1,...,qy. Thus, by (2.10) and (2.11),

N—1
Nrg B < Crgh 3 v = vili'2 + Cry (ol + ov—jDN2 = 03 %) - 0
i=1

uniformly in j =1, ..., q,. Hence
aN
N(ryay) Bl gal < € “(1+2Zw-( ))o(l)—»o
NAN Ng3l =Cay JAUIY .
j=1

This proves (A.10).

Proof of Lemma 3.1. Relation (3.5) follows from Assumptions 3.1 and 2.2, using the same
argument as in the proof of Lemma A.2. To show (3.6), use expression (A.6). By (A.8),

N(ryq N)"l §2 il % «. In Theorem 4.5 of Giraitis et al. (2000a) it was shown that under

Assumption 3. 1 q N2ds]2v a2 c? - The same argument as in the proof of Lemma A.3 shows

that

. N" V2 Fy@n 2 (qy\1/2—d
$hgal = € R G
q
= (22 ) ol =o (N + 3,

which implies (3.6).
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A.3. Proof of Proposition 4.1
It suffices to show that

1 1 2
V'V > / Zgr (1) dr — ( f Za*(t)dt) : (A.15)
0 0
where
Zot) = aWOot) +a*hd() if la*| < oo, 1 if |a*| < oo,
R VAU if |a*| = oo; AN iflat =0
and
2 _ 2 : * .
SNg=0 +op(l), if|a™| < oo; (A.16)
§2 — AZ *1_ * 2 A2£Iﬂ qu 1/2 1 'f *| __
Ng =ANANT (1 =T7)+0 " +op gy NN+qNANTV— +1), ifja*| = oc.
(A.17)
Since fV) = (k*/N)A,, + uéN) we get that the quantities v, = f™ (k) — f™) are
N\ .
Ay l“ﬁ if 1 <k <k*,
Vg = . (A.18)
—Ay— ifk* <k <N.
N
Set py = |ANIN, ry = A%,N.
From (A.18) it follows that
[N?] k*
Y w=ay ([Nt] AK* = [N1] ﬁ) =AyN@ AT —1T* + O(N7Y), (A.19)

k:l

N k* 2 k* 2
d ovi=4% <(1 - ’ﬁ) k* + (ﬁ) (N —k*)) =ALN@E* (1 - )+ O(N)).
k=1

(A.20)

Identity (A.19) and the proof of Lemma A.2 imply (A.15).

Relations (A.16) and (A.17) follow by the same argument as in the proof of Lemma A.3
using (A.20) and the following relations. Since f™M k) — fM Kk + 1) = vy — vy =
Ay 1ik=k+}, we have by (A.18)

N—j
2
Z [vi(igj —vi)l < Angn,

i=1

Z

-1
If M &) — fMk+ D)V < ClAyIN'2
1

~
I

and v = O(A%)ask ~ N.
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